In this paper we consider PI-algebras A over R or C. It is well known that in general such algebras are not normed algebras. In fact, there is a nilpontent commutative algebra which is not a normed algebra, see [1] . Here we address the question of whether it is possible to find a normed PI-algebra B with the same polynomial identities as A, and moreover, whether there is some Banach PI-algebra with this property. Our main theorem provides an affirmative answer for this question and moreover we also show the existence of a Banach Algebra with the same polynomial identities as A. As a byproduct we prove that if A is a normed PI-algebra and its completion is nil, then A is nilpotent. By introducing the concept of multihomogeneous norm we obtain as an application of our main results that if F X is multihomogeneus normed algebra and A is a PI-algebra such that the completion of the quotient space F X /Id(A) is nil, then A is nilpotent. Both applications are extensions of the study initiated in [4] .
Introduction
We begin this article by stating precisely some of our main results and then we proceed to introduce the concept of multihomogeneous norm. In order to be concise and objective, we will skip the precise definition of some of the basic concepts needed here, such as PI-algebra and Normed algebra. These, together with other additional background concepts, will appear in detail in Section 2. The proofs of the results stated here are found in the last section.
Let F be the field R or C and F X the free non-unitary associative algebra, freely generated over F by the infinite set X = {x 1 , x 2 , . . .}. All the algebras considered in this paper will be non-unitary, associative and over the field F . Thus for convenience we will only use the term algebra. A good example to keep in mind is the algebra F X .
For a normed algebra A we write C(A) to denote its completion. If A is a PI-algebra then we denote by Id(A) the set of all polynomial identities of A.
The statement of our first result is:
In other words this proposition tell us that every normed PI-algebra A has the same polynomial identities that some Banach PI-algebra. Since not all PI-algebras are normed PI-algebras, see for example [1] , a natural question to ask is: given a PI-algebra A, is there some Banach PI-algebra B with the same polynomial identities of A ? As we said before we give an affirmative answer for this question and we also show how to construct such algebra B. To explain the construction we introduce some definitions.
Let f = f (x 1 , . . . , x n ) ∈ F X be a polynomial, which will be written as
where
If F X is a normed algebra with respect to a multihomegeneous norm, then we say that F X is a MN-algebra.
An example of MN-algebras can be obtained as follows. Take f = m α m m, where α m ∈ F and m is a monomial, then F X with the norm
is a MN-algebra.
In the sequel, we prove that if F X is a MN-algebra and if A is a PI-algebra, then Id(A) is a closed ideal of F X . Thus the multihomogeneous norm in F X induces a norm in the quotient algebra F X /Id(A) by
where f ∈ F X . We remark that the quotient F X /Id(A) is a normed algebra with this norm and using this fact we obtain our second main result:
In particular, a PI-algebra has the same polinomial identities that some Banach PI-algebra. As an application, we obtain similar results as in the Grabiner's paper. In [4] the author proves the following:
In the above theorem, the algebra A is required to be a Banach algebra. Here we investigate when the nilpotency of an algebra A can be obtained by hypothesis imposed on C(A). In this direction our first result is Corollary 5. Let A be a normed PI-algebra. If C(A) is nil, then A is nilpotent.
Our second result relates the nilpotency of A to the completion of certain quotient space related to the polynomial identities of A. To be more precise we prove the following: Corollary 6. Let F X be a MN-algebra and let A be a PI-algebra. If
is nil, then A is nilpotent.
Banach and PI-Algebras
An algebra A is said to be normed if it satisfies the followings properties:
A normed algebra A is called Banach algebra if A is a complete normed space. It's well known that every normed algebra A is contained in some Banach algebra C(A) such that A is dense in C(A). This algebra is the completion of A. Here we recall its construction: we first define the relation ∼ in the set of all Cauchy sequences of A by (a n ) n ∼ (b n ) n ⇐⇒ lim n→∞ a n − b n = 0.
Denote by C(A) the set of all equivalence classes. If (a n ) n is a Cauchy sequence in A, we denote by [(a n ) n ] its equivalence class. The algebraic operations in C(A) are defined as usual: [(a
Endowed with these operations and with the norm [(a n ) n ] = lim n→∞ a n we have that C(A) is a Banach algebra. Note that an element a ∈ A is identified with the class [(a) n ] ∈ C(A) of the constant sequence equal to a. For more details see [6, 5] . Let F X be the free non-unitary associative algebra, freely generated over F by the infinite set X = {x 1 , x 2 , . . .}. The elements of F X are called polynomials and a polynomial of the kind x i 1 x i 1 . . . x in is called monomial.
A polynomial f (x 1 , . . . , x m ) ∈ F X is called a polynomial identity for an algebra A if f (a 1 , . . . , a m ) = 0, for all a 1 , . . . , a m ∈ A. We denote by Id(A) the set of all polynomial identities of A. If Id(A) = {0} then we say that A is a PI-algebra. The set Id(A) is an ideal in F X and has the property f (g 1 , . . . , g m ) ∈ Id(A) for all f (x 1 , . . . , x m ) ∈ Id(A) and g 1 , . . . , g m ∈ F X . Thus we say that Id(A) is a T-ideal. For details, see [2, 3] .
Let F X (d 1 ,...,dm) be the vector subspace of F X spanned by all monomials u = x j 1 . . . x jt , where the variable
..,dm) are called the multihomogenous components of f . Now we recall an important result that will be used in the next section.
Theorem 7. If f = f (x 1 , . . . , x m ) is a polynomial identity for an algebra A, then every multihomogeneous component of f is a polynomial identity for A.
Proof. See [3] , Theorem 1.3.2.
We call the reader's attention to the fact that the above result holds for every infinite field F , but it is not always true for finite fields.
Proofs of the Main Results
In this section we give the proofs of the main results of the paper.
Proof. (Proposition 1) Since A ⊆ C(A), it follows that Id(C(A)) ⊆ Id(A). Let f (x 1 , . . . , x m ) ∈ Id(A) and a 1 , . . . , a m ∈ C(A). By the construction of C(A) we have
The last identity implies that f ∈ Id(C(A)). Therefore Id(A) ⊆ Id(C(A)). . . x n is polynomial identity of C(B) for some n. Since by Theorem 3 we have Id(A) = Id(C(B)), follows that A is nilpotent.
